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We investigate the reflection of a Gaussian beam impinging upon the surface of an epsilon-near-
zero (ENZ) medium. In particular, we discuss the occurrence of Goos-Ha¨nchen and Imbert-Fedorov
shifts. Our calculations reveal that spatial shifts are significantly enhanced owing to the ENZ
nature of the medium, and that their value and angular position can be tuned by tuning the plasma
frequency of the medium.
I. INTRODUCTION
Reflection of light from an interface is a very common and daily-life phenomenon, which can be very well understood
using ray optics and the very well known Snell’s law [1]. However, when the wave properties of light are taken into
account, like in the case, for example, of an optical beam impinging upon a reflective surface, deviations from Snell’s
law may appear. These are the celebrated Goos-Ha¨nchen (GH) [2–4], and Imbert-Fedorov (IF) [5–8] shifts, occurring
in the plane of incidence and in the plane perpendicular to it, respectively. GH and IF shifts have been studied for
various beam configurations, including Hermite-Gaussian [9], Laguerre-Gaussian [10, 11], Bessel [12], and Airy [13]
beams, to name a few, and reflecting interfaces, such as dielectric [14], metallic [15, 16], multilayered [17, 18], and
graphene coated [19] surfaces, as well as in other contexts, such as optical waveguides [20, 21], metamaterials [22],
and double barrier fermionic systems [23]. Moreover, the link between optical beam shifts and quantum mechanical
weak measurements has also been pointed out [24, 25], opening the way for novel and efficient way to measure such
quantities in optics [26, 27]. A comprehensive review of the topic can be found in Ref. [28].
On the other hand, since the early 2000s, metamaterials, i.e., artificially constructed media that show peculiar
properties, such as negative refraction [29], have gained a lot of interest in the community for their potential of
representing the basis for the next generation of photonic circuits [30]. An interesting family of metamaterials are the
so-called epsilon-near zero (ENZ) materials, characterised by the fact, that for a given spectral range of frequencies,
the real part of their dielectric function vanishes, while the imaginary part remains finite [31]. Typically, ENZ media
can be either found in nature in the form of suitably doped semiconductors [32], or artificially realized in terms of
plasmonic structures at optical frequencies [33]. In the past years, ENZ materials have found interesting applicaitons
in different areas of photonics, ranging from the realisation of efficient sub-wavelength imaging [34, 35], directional
emission [36], cloaking devices [37], and energy squeezing in narrow channels [38], to name a few. Moreover, spin-orbit
interaction in transmission of vortex light beams through ENZ media has been also recently investigated [39].
Interestingly enough, despite the very intriguing properties that ENZ materials possess, no thorough investigation
of the dynamics of GH and IF shifts for light beams reflecting upon ENZ surfaces has been carried out yet. The only
exception to this, to the best of our knowledge, is provided in Ref. [40], where the spatial GH shift for light impinging
upon an ENZ interface in total internal reflection regime has been numerically investigated.
In this work, we present a complete theory of GH and IF shifts for a Gaussian beam impinging upon the surface
of an ENZ medium. In particular, we show how the beam shifts are amplified by the ENZ character of the reflecting
surface, provided that the wavelength of the impinging Gaussian beam is close enough to the plasma wavelength
characteristic of the ENZ medium.
This work is organised as follows: in Sect. 2, we review the usual formalism of the beam centroid, to calculate the
GH and IF shifts, as a function of the reflection coefficients of the reflecting surface. Then, in Sect. 3, we specify the
analysis to the case of a Gaussian beam impinging upon the surface of an ENZ material, which we describe within
the limits of validity of the Drude model. In this section, moreover, we also discuss the salient features induced by
the peculiar nature of ENZ materials, and, in particular, the possibility to use spatial GH shifts to sort different
polarisation states of light efficiently. Finally, conclusions are drawn in Sect. 4.
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FIG. 1: Schematic representation of the reflection geometry investigated in this paper.
II. BEAM CENTROID AND BEAM SHIFTS
In this section, we briefly review the beam centroid formalism, typically used to calculate the GH and IF shifts, for
a beam of light reflecting from a surface. A detailed derivation of this formalism can be found, for example, in Ref.
[28].
To start our analysis, let us consider a monochromatic, paraxial electric field, impinging upon a surface, which, at
this level of analysis, is only characterised by the usual Fresnel reflection coefficients rλ(θ), for λ = {p, s} polarisation
[1]. According to Fig. 1, we then define the laboratory frame {xˆ, yˆ, zˆ}, and the incident, and reflected, frames
{xˆi,r, yˆi,r, zˆi,r}, atteched, respectively, to the incident, and reflected, beam. The impinging electric field can be then
written as follows
EI(ξ, η, ζ) =
2∑
λ=1
∫
d2K uˆλ(U, V ; θ)αλ(U, V ; θ)E(U, V )eiWζei(Uξ+V η), (1)
where {ξ, η, ζ} are the normalised cartesian coordinates, λ = {1, 2} is a polarisation index (corresponding to p,
and s, polarisation, respectively), {U, V,W = √1− U2 − V 2} are the dimensionless components of the k-vector in
the incident frame, uˆλ are the local polarisation vectors, attached to the single plane wave components of the beam,
αλ = fˆ ·uˆλ are the polarisation functions (with fˆ = apxˆ+aSei∆yˆ, and aP , aS ,∆ ∈ R, with the constraint a2P +a2S = 1),
and E(U, V ) is the beam spectrum. Upon reflection, the electric field in the reflected frame can be obtained by simply
applying the law of specular reflection on the local basis. This corresponds to set uˆλ(U, V,W ; θ)→ uˆλ(−U, V,W ;pi−θ)
and E(U, V ) → rλ(U, V )E(U, V ), where rλ(U, V ) are the reflection coefficients of the surface. In the reflected frame,
then, the electric field can be written as follows:
ER(ξ, η, ζ) =
2∑
λ=1
∫
d2K uˆλ(−U, V ;pi − θ)αλ(U, V ; θ)rλ(U, V )E(U, V )eiWζrei(−Uξr+V ηr). (2)
Beam shifts can be then evaluated by computing the beam centroid in the reflected frame, i.e., 〈X〉 = 〈ξr〉xˆ+ 〈ηr〉yˆ,
where, using a quantum-like formalism introduced for beam shifts [28]
〈ξr〉 = 〈ER|ξr|ER〉〈ER|ER〉 , 〈ηr〉 =
〈ER|ηr|ER〉
〈ER|ER〉 . (3)
3The spatial (∆) and angular (Θ) shifts can be then written in the following form [28]:
∆GH = 〈ξr〉|ζ=0, ΘGH = ∂〈ξr〉
∂ζ
∣∣∣
ζ=0
, (4a)
∆IF = 〈ηr〉|ζ=0, ΘIF = ∂〈ηr〉
∂ζ
∣∣∣
ζ=0
. (4b)
For the case of a Gaussian beam impinging onto a reflecting surface, characterised by standard Fresnel coefficients
rλ(θ), the formulas above give the following result, which will be useful for our analysis in the next section
k0∆GH =
2∑
λ=1
wλ
∂φλ
∂θ
, (5a)
ζRk0ΘGH =
2∑
λ=1
wλ
∂ lnRλ
∂θ
, (5b)
k0∆IF = −
{
cot θ
[wpa2s + wsa2p
apas
cos ∆
+ 2
√
wpws sin(∆ + φs − φp)
]}
, (5c)
ζRk0ΘIF =
[
wpa
2
s − wsa2p
apas
cos ∆ cot θ
]
, (5d)
where k0 is the vacuum wave vector, ζR is the Gaussian beam Rayleigh range, wλ = a
2
λR
2
λ/(a
2
pR
2
p + asR
2
s) is the
fraction of energy contained in each polarisation, and rλ = Rλe
iφλ has been assumed.
III. GOOS-HA¨NCHEN AND IMBERT-FEDOROV SHIFTS FOR ENZ MEDIA
To estimate GH and IF for Gaussian beams impinging upon ENZ materials, we first need to take a closer look to
the reflection coefficients (for both p- and s-polarisation) of an ENZ material. To do that, we first need to find an
explicit expression for the dielectric function of an ENZ medium, as a function of the wavelength of the impinging
light. Within the Drude approximation [41], this is given by
εENZ(λ) = 1− 1
λ2p
[
1
λ
(
1
λ
+ iΓ
)]−1
, (6)
where λp = 2pic/ωp is the plasma wavelength of the medium, and Γ = γ/2pic is the spatial damping parameter, related
to the Drude damping factor γ, typically given in terms of fractions of the plasma frequency ωp. The dependence
of the modulus and phase of the dielectric function on the wavelength is shown in Fig. 2. As it can be seen, as λ
approaches the plasma wavelength λp, characteristic of the particular ENZ medium, the modulus of the dielectric
function |εENZ(λ)| reaches its minimum value, and, moreover, |εENZ(λp)|  1. This is a signature, of the ENZ nature
of the material considered in our analysis. In addition to that, it is worth noticing that in the range of wavelengths
0.5 < λ/λp < 1.2 the modulus of εENZ remains smaller than one. Within this range of values, then, we expect
ENZ effects to be prominent, and give a significant contribution to the beam shifts. Indeed, ENZ media are known
to possess several peculiar properties ensuing from their large effective wavelength that leads to a marked slow-light
regime [42, 43]. In particular, such a slow-light regime is responsible for enhanced spin-orbit interaction of light in
ENZ media [44]. Intuitively, such an effect can be understood through the inherently large effective wavelength inside
ENZ media, which thus implies that externally impinging paraxial fields behave as highly non-paraxial fields inside
ENZ materials, thus leading to a geometric enhancement of spin-orbit interaction of light [44].
The reflection coefficients for both p- and s-polarisation can be then written, using Eq. (6), in the traditional
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FIG. 2: Modulus (blue, solid, line), and phase (red, solid, line) of the dielectric function εENZ(λ), for an ENZ medium. As
it can be seen, the modulus of the dielectric function reaches its minimum value, for λ ' λp. Notice, moreover, that in the
range of wavelengths corresponding to 0.5 < λ/λp < 1.2, we have |εENZ(λ)| < 1. This corresponds, to the ENZ region of this
material. In this interval of wavelength, therefore, we expect ENZ effects to be prominent. For this figure, a plasma wavelength
of λp = 3 µm, and a damping coefficient of Γ = 5× 104 m−1, corresponding to γ = 1014 Hz.
Fresnel form as follows:
rp(θ, λ) = −
εENZ(λ) cos θ −
√
εENZ(λ)− sin2 θ
εENZ(λ) cos θ +
√
εENZ(λ)− sin2 θ
, (7a)
rs(θ, λ) =
cos θ −
√
εENZ(λ)− sin2 θ
cos θ +
√
εENZ(λ)− sin2 θ
. (7b)
A. Spatial GH Shift
The (normalised) spatial GH shift k0∆GH for p- polarisation [panel (a)], and s−polarisation [panel (b)], as a function
of the normalised wavelength Λ = λ/λp, of the impinging Gaussian beam, onto the ENZ surface, is depicted in Fig.
3. First of all, notice that for both polarisations, k0∆GH 6= 0, despite the reflection is occurring from air-to-ENZ
medium. In a standard setting, with reflection occurring, say, at an air-to-glass interface, the reflection coefficient is a
purely real number, and the spatial GH shift is zero, according to Eq. (5a), since φp = φs = 0. In this case, however,
the reflection coefficient is a complex quantity, and therefore, even for air-to-ENZ reflection, φp,s(θ, λ) 6= 0, and a
spatial GH shift can occur. For the case of p-polarisation, Fig. 3(a) reveals that the spatial shift oscillates between
positive and negative values, depending on the incidence angle and the wavelength. For s-polarisation, on the other
hand, we have the opposite situation, where the shift is always negative, as it can be seen from Fig. 3(b). Moreover,
we observe a clear resonance structure of k0∆GH for both polarisations. This resonance occurs, in particular, close
to Brewster angle, for p-polarisation, and it reaches its maximum value for Λ = 0.5, i.e., for an impinging Gaussian
beam with a wavelength equal to half the plasma wavelength of the ENZ medium. For the case of Fig. 3(a), λp = 3
µm has been used. In these conditions, an impinging Gaussian beam at wavelength λ = 1.5 µm (solid blue line), the
maximum spatial GH shift is achieved around θinc ' 45◦ and it corresponds to ∆GH = 150/k0 ' 23λ ' 35 µm. For
a Gaussian beam at wavelength λ = 2.25 µm (red, dashed line in Fig. 3(a), corresponding to Λ = 0.75), on the other
hand, the maximum spatial GH shift occurs at smaller incidence angles, i.e., around θinc ' 33◦, and its magnitude is
also reduced to ∆GH = 30/k0 ' 4.8λ ' 11 µm.
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FIG. 3: Normalised spatial GH shifts for (a) p-polarisation, and (b) s-polarisation, for different values of the normalised
wavelength Λ = λ/λp. For both polarisations, the spatial shifts are nonzero, since the reflection coefficients of ENZ media are
intrinsically complex, and therefore ∂φp,s/∂θ 6= 0, even away from total internal reflection. Notice, in particular, that while
∆GH for s-polarisation is always negative [panel (b)], for p-polarisation it can be either positive or negative, for Λ < 1, while
it is always positive, for Λ ≥ 1. Notice, that the magnitude of the black (dot-dashed), and green (dashed) curves in panel (a)
has been artificially enhanced by a factor of 10, in order to allow to visualise the plots for various values of Λ in a single figure,
in a neat, and clear way.
For the case of s−polarisation, for Λ = 0.5 the resonance peak [solid, blue line in Fig. 3(b)] occurs at greater
incidence angles, i.e., around θinc ' 60◦, and it corresponds to a spatial GH shift of ∆GH = 10/k0 ' 1.6λ ' 2.4 µm,
while for Λ = 0.75 [dashed, red line in Fig. 3(b)] it occurs around θinc ' 40◦ with a magnitude of ∆GH = 5/k0 '
0.8λ = 1.8 µm.
A closer look to Figs. 3(a) and (b) reveals another interesting detail. Indeed, while at Brewster incidence (and for an
impinging beam characterised by λ = 0.5λp), in fact, the spatial GH shift for p− polarisation undergoes a maximum
value of ' 150/k0, at the same angle of incidence ∆GH ' 0 for s−polarisation. This result is quite interesting, as it
suggests that spatial GH shifts from ENZ surfaces can be used as an efficient method to spatially sort the polarisation
states of the impinging light. The significant shift of about 25 wavelegths experienced by p−polarisation at Brewster
incidence, compared to the negligible one of s− polarisation, in fact, can become large enough to spatially resolve
the two polarisation states upon reflection. In this respect, the electrical tunability of the plasma frequency of ENZ
materials [45] could provide an active mean of controlling the separation between spots of distinct polarization states,
thus providing a viable platform towards the development of integrated polarisation sorters.
B. Angular GH Shift
Th angular GH shift is depicted in Fig. 4 for p− [panel (a)], and s−polarisation [panel (b)]. It is interesting to
notice, that despite the expression of the angular shift in Eq. (5b) has been derived by using the standard, first
order expansion of the reflection coefficients, with respect to U , and V [25], its value at Brewster’s angle does not
diverge, as expected, but remains finite. This is due to the fact, that while Re{rp(θb, λ)} = 0 at the Brewster angle
θb, Im{rp(θb, λ)} 6= 0 (although very small), which, in turn, implies that |rp(θb, λ)| 6= 0. This, ultimately, acts as
a renormalisation of the logarithmic derivative appearing in Eq. (5b) , which is now regular, and does not diverge
anymore at the Brewster angle. Moreover, as the wavelength of the impinging Gaussian beam becomes larger than the
plasma wavelength of the ENZ medium (namely, as Λ becomes larger than 1), the angular shifts for both polarisation
tend to disappear [see, for exmaple, the dashed, green curve, in both panels of Fig. 4]. This is due to the fact, that
for Λ 1, εENZ ' 1−Λ2, and the modulus of the reflection coefficient is approximately Rp,s ' 1. According to Eq.
(5b), the angular GH shift is related to the derivative of Rp,s with respect to θ, which in this limit approaches zero,
because the modulus of the reflection coefficient is constant with respect to θ.
C. IF Shifts
The spatial (a), and angular (b) IF shifts, are depicted in Fig. 5, for circular, and diagonal, polarisation, respectively.
In agreement with the standard theory of IF shift, the spatial shift is nonzero only for circularly polarised light.
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FIG. 4: Normalised angular GH shift for (a) p-polarisation, and (b) s-polarisaiton, for different values of the normalised
wavelength Λ = λ/λp. Notice, that while for p-polarisation, the value of ΘGH oscillates between positive, and negative values,
across the near-zero wavelength (Λ = 1), for s-polarisation, instead, it is always negative, and approaches zero, as Λ is increased
beyond Λ = 1. Also, the maximum angular shift for s-polarisation [panel (b)] drastically shifts towards lower incidence angles,
as Λ → 1. Notice, that the magnitude of the black (dot-dashed), and green (dashed) curves in panel (a) has been artificially
enhanced by a factor of 10, in order to allow to visualise the plots for various values of Λ in a single figure, in a neat, and clear
way.
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FIG. 5: Normalised spatial (a), and angular (b) IF shift for different values of the normalised wavelength Λ = λ/λp. The
solid (dashed) lines in panel (a) represent left (right)-handed circular polarisation, while in panel (b) they represent diagonal
(anti-diagonal) polarisation. Notice, moreover, how ΘIF [panel (b)] vanishes, for incidence angles θ > 60
◦. This is in contrast
to standard results, where ΘIF = 0, only in the very vicinity of normal incidence.
Moreover, the shifts for left-handed [solid lines in Fig. 5(a)], and right-handed [dashed lines in Fig. 5(b)] circular
polarisation are mirror images of each other. No significant differences in the structure of the spatial IF shifts for
ENZ, compared to standard dielectrics, however, is to be noticed. For the angular IF shift, on the other hand, despite
the fact its global structure reflects the traditional one, that is observed from dielectric surfaces, it is interesting to
note, that ΘIF = 0 for incidence angles θ > 60
◦. This is in contrast, with the standard result, where for diagonal
[solid line, in Fig. 5(b)], and anti-diagonal [dashed lines, in Fig. 5(b)], ΘIF = 0 only in the very vicinity of θ = 90
◦.
IV. CONCLUSIONS
In this work, we have presented a comprehensive analysis of GH, and IF shifts for Gaussian beams impinging upon
ENZ media, and we have discussed how the ENZ character affects the beam shifts. In particular, for spatial GH shifts,
we have predicted a significant magnification of ∆GH , which reaches its maximum of about 25λ for p−polarisation,
and about 2λ for s−polarisation, for a Gaussian beam characterised by a wavelength λ = 0.5λp. Moreover, at Brewster
incidence, ∆
(p−polarisation)
GH  ∆s−polarisationGH . This suggests the possibility to use beam shifts at ENZ surfaces as a
7viable mean to control the separation between spots of distinct polarisation states. To make our analysis complete
and self-consistent, we have also reported the spatial, and angular IF shifts, although their properties are not affected
by ENZ, as much as it happens for the GH shift. Our results are then encouraging for the development of devices
based on ENZ materials enabling efficient electrical control of radiation polarisation at the nanoscale.
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